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Abst rac t - - In  earlier papers, the authors have used the transmutation method to find solutions 
to Volterra integral or differ-integral equations of second kind, involving Erd~lyi-Kober fractional 
integration operators (see [1,2]), as well as to dual integral equations and some Bessel-type differential 
equations (see [3,4]). Here we consider the so-called hyper-Bessel integral equations whose ker- 
nel-function is a rather general special function (a Meijer's G-function). Such an equation can be 
written also in a form involving a product of arbitrary number of Erd~lyi-Kober integrals. By means 
of a Poisson-type transmutation, we reduce its solution to the well-known solution of a simpler 
Volterra equation involving Riemann-Liouville integration only. In the general case, the solution is 
found as a series of integrals of G-functions, easily reducible to series of G-functions. For particular 
nonhomogeneous (right-hand side) parts, this solution reduces to some known special functions. The 
main techniques are based on the generalized fractional calculus. © 1998 Elsevier Science Ltd. All 
rights reserved. 
Keywords - -Vo l te r ra  integral equations of second kind, Fractional calculus, Hyper-Bessel opera- 
tors and functions, Meijer's G-functions. 
1. INTRODUCTION 
The equations 
/; y(x) - ,~ K(x, t)y(t) dt = f(x), (1) 
where f(x), K(x, t) are given functions, )~ is a parameter and y(x) is the sought solution, are 
called Volterra integral equations of second kind. 
Singular integral equations of such kind arise very often in solving various problems of mathe- 
matical physics, especially such describing physical processes with after effects. 
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Fractional integral and differ-integral equations involving the Riemann-Liouville (R-L) integrals 
of order 5 > 0: 
1 9C x~ jC  R6y(x) = ~(5) (x - t)6-1y(t) dt - F(5) (1 - a)6-1y(xa) da, (2) 
and/or the R-L derivatives R -6 := D 6, 5 > 0 have been solved explicitly by various au- 
thors [1,3,5-8,10-21]. The solutions of the first kind equations R+~y(x) = f(x)  are well known. 
Abel (1823) was the first to solve effectively such an equation with 5 = 1/2 (called now Abel 
integral equation) by means of fractional calculus, thus giving a good motivation for further 
development of this topic. 
The R-L fractional integral equation of second kind 
y(x)  - ~R~y(x)  = y(~),  (3) 
has been solved by many authors using different echniques (see [5,7,17]), but all of them leading 
to the solution /; y(x) = ~x)  + A (x -- t)6-1E6,6 [A(x - t) 6] f(t)  dr. (4) 
Cauchy problems for the R-L fractional differential equation D6~(x) - A~(x) = f(x)  have been 
also solved explicitly (see [18, Examples 42.1 and 42.2]). 
Recently, AI-Saqabi [19], Al-Saqabi and Vu [21], using techniques similar to those in [17], have 
found solutions to Volterra equations of second kind, involving both R-L fractional integrals and 
derivatives of different orders: 
D~(x) -ARVy(x)=f (x ) ,  #>0,  v>0.  
In [1,2], we have solved Volterra integral and differ-integral equations of second kind, involv- 
ing the more general operators of fractional integration, called Erddlyi-Kober (E-K) fractional 
integrals: 
(5) x-~(-~+6) = 
- F(5) ~0 (x~- t~)5- l t~Ty( t )d ( t~)=F-~o l ( l -a )5 -1a~'Y(xa l / f~)  da' 
with 5 > 0 and additional real parameters "yand ]~ > 0. Evidently, for 7 = 0, f~ -- 1, (5) turns 
into (2). The operators D~ '~, inverse to (5), are called E-K fractional derivatives. The E-K 
operators have found a large number of applications in analysis, mathematical physics, and other 
disciplines (see [22]). By means of the transmutation method and using the tools of the fractional 
calculus, we have found explicit solutions to integral or differ-integral equations having the general 
form 
x-~6D$'6y(x) - Ax~VI~'~y(x) : f ix),  5 > O, v > O. (6) 
For example, in the case 5 = 0 of a pure integral equation of second kind, the found solution has 
the form (see [1,2]) 
÷ -1  
We have gone further, considering Volterra integral equations which involve products of two 
Erd~lyi-Kober integrals (5), or in other terms, hypergeometric fractional integrals: 
= y(x) _ A x~_ a ~= (x - t)6+v-'ta-~2Fl ( t )  F(5 + v) -v  - 5, 6; 5 + v; 1 - y(t) dt = f(x),  
and again our method has led to an explicit solution, see [1,2]. 
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Let us note that all the above solutions involve the Mittag-Le~er (M-L) functions (see [8,12; 
23, Vol. 3]) 
oo xk 
E~,~(~) = ~ r(~:F ~)' ~ > 0, ~ > 0. (8) 
In this paper, we extend the transmutation method from [1,2] to examples of Volterra integral 
equations of second kind involving products of arbitrary number m > 2 of Erddlyi-Kober integral 
operators. The same equations have also alternative representations of form (1) with a kernel- 
function K ( x, t) being a Meijer's G-function (a generalized hypergeometric function of a special 
kind), that is, 
y(x) - )~Ly(x) = y(x) - \ ~m ] I~"11~2'1... I~m' ly(x)  = f(x), 
y(x) (~) f0  ~ m,0[ 1(7~+1)7'] 
or  
The operators L involved in the considered equations are called hyper-Bessel integral operators 
and defined as linear right inverse operators to the Bessel-type differential operators of arbitrary 
order that play an important role in equations of mathematical physics. 
To solve the hyper-Bessel integral equations, we apply the transmutation method of Delerue, 
Lions, Hearsh, etc. (see, e.g., [8, Definition 3.5.1; 24]). It consists in applying suitable transfor- 
mation operators that allow us to find a solution of a new and more complicated problem via 
its "translation" to the known solution of a simpler old problem (in our case, solution (4) of 
equation (3)). The transmutation operators used in this paper are generalized .fractional integrals 
in the sense of [8]. The solutions we find are in terms of the Meijer's G-functions, instead of the 
Mittag-Leffler functions. 
In this paper, we consider spaces of weighted continuous functions of the form 
C(k) :=( f (x ) :xPY(x ) ;p>#, fEC(k ) [O ,o¢)} ,  C~:=C (°), withrea l#,  (9) 
although spaces Lp, L~ of Lebesgue integrable can be also considered. 
2. HYPER-BESSEL  OPERATORS AND 
GENERAL IZED FRACTIONAL CALCULUS 
By a hyper-Bessel differential operator, we mean a singular linear differential operator of arbi- 
trary order m > 1 of one of the following equivalent forms: 
m 
B = x -~ Qm(xD) = x -~ H (xD + ~Tk)' 
k=l  
0 < x<c¢,  (10) 
with D = d ,  /3 > 0 and #k = --f~k, k = 1 , . . . ,m clenoting the zeros of the mth degree 
polynomial Qm(#); 
B=x~°Dxa lD . . .x~m- IDx  ~'~, l~ :=m-(ao+al  + . . .+am)  >0,  (11) 
or  
B = x -~ (xrnD m + a lxm- lD m-1 + "" + am-lxD + am), 13 > O. 
Representations (10)-(12) follow each from the other by choosing, for example, 
(12) 
ao = -j3 - f~71 + 1, ak ---- #Tk -- ~'~k+l "~- 1, k = 1,. . .  ,m - 1, am = #~'m, 
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and 
am- j= (~) '~ [ ( -1 ) l (~) f i (~[ i+ J+ l ) ]  =1 j =O, 1 , . . . ,m-1 .  
These operators, in their most general case, were introduced by Dimovski [25] and called 
"Bessel-type differential operators". The best known example, giving rise to their name, is the 
second-order differential operator of Bessel (with/3 = m = 2, 71,2 = :kv/2): 
Bu = x -2 (xD + u) (xD - u) = xV-lDx2V+lDx ~= D 2 + x - lD  - x -2v 2, (13) 
related to the Bessel function y(x) = J~(x), satisfying the equation B,y(x)  = -y(x) .  The special 
functions, corresponding to arbitrary B of order m > 2, are the hyper-Bessel functions of [26], 
involving (m - 1) indices. 
Another simple example of a higher order is the operator of m-fold differentiation 
0_-o  
with in teger~=m>l  and ")'k = (k )  - - l ,  k = 1 , . . . ,m,  
(14) 
whose "hyper-Bessel functions" reduce to the generalized cosine functions y(x) = costa(x), see [8, 
Appendix; 23, Volume 3]. 
Operational calculi, integral transforms, and other tools of analysis, related to various particular 
cases of hyper-Bessel operators have been recently developed by many authors (see the references 
in [8, Chapter 3; 27,28]). This interest is motivated by their frequent appearance in initial and 
boundary value problems for PDE of potential theory, wave motion, diffusion, axially symmetric 
equations of elasticity, hydro-aerodynamics, etc. It is enough to mention some other examples 
of hyper-Bessel differential operators: /~v = D 2 + (u/x)D (the Bessel-Clifford operator, or in 
case v = k _> 1: the Weinstein operator); Bt,,v = x-V- ' - lDx2~+lDx~-~;  B1 = x- lD  2, B~ = 
x-nD 2 (the Tricomi and Gelersted operators), arising in the generalized heat equation u~=(x, t)+ 
(k/x)u~(z, t) = au~t(x, t), 0 < x < oc, 0 < t < c¢, in other equations of GASP theory, in the 
I I  I I  n I I  I I  PDEs of mixed type xuu~ + uz= = 0, x uyu - u== = 0, the Bessel partial differential operator of 
matrix argument £au(x) = trace {xO2xu + (~ + (n + 1)/2)Oxu} (see [29]), as well as operators like 
(lit)Or, (l/r) r 2, ( l / r , )O  2, o q ' r '  o r o ~Tt / s~ ~-;, when polar, cylindrical, or spherical coordinates 
are used. 
Usually, by separating of variables or applying a suitable integral transform, one can reduce 
such problems to initial value problems for hyper-Bessel differential equations By - Ay = f (for 
some of their solutions, see [4,8,9]). Most of the Cauchy problems for hyper-Bessel differential 
equations, however, are reducible to Volterra integral equations of second kind, involving the 
so-called hyper-Bessel integral operator 
Lf(x) -__ x-~,~ o~X~""-l dXl foXlX2""~-2 dx2... ~o="-lXma° dxm 
= 
(15) 
It is defined as the linear right inverse to B : BLf (x )  = f(x), satisfying zero initial conditions 
[L f (x)]l:J=o = O, i=  O, 1,... , m 1. 
Thus, one of the most useful approaches to such problems, is establishing the explicit solutions 
of the hyper-Bessel integral equations of second kind y(x) - ALy(x) = f(x).  
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Recently, Dimovski and Kiryakova [28] and Kiryakova [8] have shown that the theory of the 
hyper-Bessel differential and integral operators is closely related to a class of generalized hyper- 
geometric functions known as Meijer's G-functions (see [8, Appendix; 11,13,16, Chapter 8; 23, 
Volume 1]) 
ap,q (x) = a~,q x bl,. ,bq = ap,q x (bk) q 
f i  F (bk -s )  f i  F (1 -a j+s)  (16) 
= 1 f k=l j=l xs ds. 
2ri Jc 17 r(1-bk+s) lqi r(aj-s) k=m+l j=n+l 
We need also the techniques of the generalized fractional calculus from [8]. Let n _> 1 be an 
integer, f~ > 0, rlk,k =- 1,... ,n be real and the set di = (dil > 0,. . .  ,din _> 0) be considered as 
a fractional multiorder of integration. The following basic notion of the generalized operators of 
fractional integration (generalized fractional integrals) is introduced: 
= vn, n a (rlk)~ f (xcr 1/~) da, if k=l ~ dik > O, (17) 
f(x),  if dil . . . . .  din = 0. 
The corresponding eneralized fractional derivatives are denoted by D (Tk)'(6k) ~,n and defined by 
means of explicit differ-integral expressions. By a suitable choice of parameters, the classical 
fractional integrals and derivatives of Riemann-Liouville and Erd~lyi-Kober, the hypergeometric 
fractional integrals and many other generalized integrations and differentiations follow as special 
cases, for example, R '  = x~I°:~, 6"  r'y,' = "Z,1- A detailed theory, analogous to the classical 
fractional calculus and different applications are proposed in [8]. The most useful property of 
generalized fractional integrals (17) is their alternative representation asproducts of commuting 
E-K fractional integrals: 
(vk ) , (~)~ , i~1,61 
= fO1...f01 [f i  (1--tk)6,-ltTk'] (18) 
Since the hyper-Bessel integral operators have alternative representations via G-functions (16): 
(~---~) f0x [(t) 1//~ I ] Lf(x) = --m,rn (Tk)r~ f(t) d (t ~) 
(19) 
(Xf~)f01(Trn,0 [ I('Ykq-1)~n ] 
it is seen that they are generalized "fractional" integrals (17) of multiorder (1, 1, . . . ,  1), as well 
as products of m E-K integrals (5), namely, 
(XZ)r( , , ) , (1,1 ..... 1 ) . . .  (xa) / /~ , ,1  L f (x )= ~ ",,m : (x)= ~ ...I~'~"f(x). (20) 
For the purposes of this paper, we axe interested in a transmutation operator, transforming the 
simplest mth order hyper-Bessel differential operator (14): /3 D m = ( d )m into the general = ~-~ 
one, B of form (10),(11). Dimovski [27,30] has found a Poisson-type integral transformation 
P : C-1 --+ Ca which is a similarity between the corresponding hyper-Bessel integral operators 
R m (R-L operator (2) with integer di = m) and L (defined by (15), (19), (20)), namely, 
Pnm](x) = LP](x), for each ] • C-1. (21) 
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As shown in [8,28], this transform can be represented simpler as a generalized fractional integral 
of form (17), i.e., as an integral transform involving a G-function. 
The hyper-Bessel differential and integral operators and the corresponding elements of their 
theory (convolutions, transmutation perators, integral transforms, etc.) have been considered in
spaces Ca of form (9), where 
a = max [-/~(Tk + 1)], l<k<m r'(m) rv(m) Co. (22) L :Ca~-*va+ ~CCa,  B:,~a+f~-~ 
Without lost of generality, one can assume the parameters 7k arranged in an increasing or de- 
creasing order, for example, 
7~ ~7~ "" E 7~==*a = -~(7~+1) .  (23) 
In this case, the Poisson-Dimovski transformation P : C-1 ~-* C-/3(7.,+1), satisfying (21) has the 
explicit form 
Pf(x)  = c,~,m_ 1 j X/3/m 
[ (7k - 7m)~-1 ]
(x~-Tm f lGm- l ' °  (k  1) rn-I da, 
\m Ix 
(24) 
where c = x/m/(27r)m-1 l--Ikml r(Tk + I). 
3. SOLUTION TO HYPER-BESSEL  
INTEGRAL EQUATIONS OF  SECOND K IND 
The Volterra integral equations of second kind 
y(x) - A Ly(x) = f(x), (25) 
with operators L of form (15), (19), or (20), are said to be hyper-Bessel integral equations. 
THEOREM 1. The unique solution y(x) E Ca, a = maxl<k<m[--/3(Tk + 1)] of the hyper-Bessel 
integrM equation of second kind (25), having the equivalent forms 
] y(x ) - -~-~ "'" f iX~k y [X(Xl...Xrn)I/B] dxl. . .dxm = f(x), 
k=l 
:-.too +1,, ] 
y(x) - A Jo --m,m ("/k)~ y(t) d (t ~) = f(x), 
(x t~) / '  [ ] (vk+l)7] 
(26) 
with f 6 Ca is given by the series 
oo ( x.hk 
y(x) = f(x) + E \ flm ] Gk(x), 
k=l 
convergent for 0 <: x < oo, (27) 
where Gk(x), k = 1,2,... stand for the integrals of G-functions 
/1 [ I (~i..bk)~n=l] ( ) Gk(X) m,O - / xa 1/0 da. = Gin,., a ('r,),~ 1 (28) 
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PROOF. The homogeneous equation (25),(26) ( f  = 0) has the only trivial solution y - 0 and 
this yields the uniqueness of the solution in Ca in the nonhomogeneous case. 
Suppose the parameters "yk's of operator L are arranged as in (23), then the Poisson-Dimovski 
transform P which is a transmutation from the operators B = D m, L = R m into the hyper-Bessel 
operators B, L, has representation (24). 
Consider the simpler integral equation of second kind, involving a R-L integral of integer order 
~=m>l :  
~(x) - ~nm~(x) = f(x) ,  f•  C_~. (29) 
This is a special case of (3 / and its unique solution (4) has the form 
g(~/=f (~/+a (x m-~ - -  t) Em,rn [,~(x - t) m] f(t)  dt • C_~. 
Replacing the M-L function by its series definition (8), we obtain 
= f (x /+ ~ ~ ~ x (x - t /~+~ -1 
~=o Y~--~(k-~ f(t)dt (30) 
oo  oo  
k=0 k=l  
In the above, we have changed the order of the integration and summation which is admissible, 
since the series representing the entire function Em,m[A(x - t) m] is uniformly convergent and the 
terms (x - t)mk+m-lf(t) • C-1 are integrable functions on [0, x]. 
Let us apply Poisson-Dimovski transformation (24) to equation (29), denoting 
P~(x) :=y(x)eCa,  P ' f (x ) :=f (x )•Ca ,  (~ f (x )=P- l f (x )•C_ , ) .  
According to similarity relation (21/, for k = 1, 2 , . . . ,  we have 
P (Rm) k = (PR m) (Rm) k-1 =- LP (Rm) k-1 
= L (PR m) (Rm) k-2 = L2p (Rm) k-2 . . . . .  LkP. 
Therefore, 
turns into 
P~(x) - APnm~(x) = Pf(x)  
y(x I - ALy(x) = f(x), 
that is, P transforms equation (29) into equation (25) and solution (30) into the sought solution 
of the hyper-Bessel integral equation. Thus, we obtain 
y(xl = P~(xl = P xl + akn'~k](~l = f(~l + Y~ ~k p(nmlk f(x) 
k=l (al) 
oo  oo  
= ] (x /+ Z ~k [Lkp] h~/= I(x) + ~ ~L~S(~), 
k----1 k=l  
where we have put the generalized fractional integration P under the sign of the series (~(x / - 
f (x))  • C-1. This can be justified by the fact that its terms AkRmkf(xl • C-1 are integrable 
functions on [0, x] and the resulting series is of absolutely convergent integrals (k = 1, 2, . . .  ) 
\~]  _.,,,,, a (~,)y=: 
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The above follows from the more general integral representation f the powers of the hyper-Bessel 
operator (see [14,28]) as generalized fractional integrals (17)." 
Laf  = \am]  "~,m .I, 
whose absolute convergence is a corollary of the conditions (23), f E Co and the asymptotic 
behaviour of the kernel G-functions, as proved for (17) in the general case (cf. [8]). 
Thus, required solution (31) takes the form (27),(28). 
4. EXAMPLES 
Solutions to various special cases of hyper-Bessel integral equations can be obtained from the 
general result in Theorem 1, demonstrating its efficiency. 
First, we consider equations (25),(26) with an arbitrary hyper-Bessel integral operator L of 
order m, but with special kind of right-hand sides f (x) .  
EXAMPLE 1. Consider the simplest but very common case of a right-hand side being a power 
function: 
f (x)  = ~p e co  ~ p > ~. 
Then integrals (28) turn into Gk(x) = Cp,kX p, k = 1, 2 . . . .  , with constants cp,k (we have used 
properties of the G-function and formula (B.5), [8, Appendix]): 
[ fo m,O Cp, k = Gin, m (7 m 1 da 
[fi ] [fi( ) ]--1 r(~, + (p/a) + 1) p 
= ,:1 r (~,  + k + (p/a) + 1) = i=1 7i  + ~.+ 1 k ' 
where (a)k = F(a + k)/F(a) is the Pohhamer symbol. Then, 
Y(X) =xP'q-E Cp'kxP=xP lq'-k=l ~' -~ ' )  Cp,kf 
oo ( )~Xf~,~ k oo (1)k 
= x" E \ -~ '~]  Cp,k = x p E ('7, + (P/a) + l )k . . .  (?m + (p/a) + l)k 
k=0 k=0 




that is for f (x)  = x p, the solution turns into generalized hypergeometric function 1fro (32) 
(see [23, Volume 1]). 
EXAMPLE 2. Most of the elementary and special functions of mathematical physics are only 
special cases of Meijer's G-functions (16). Thus, if we take as a right-hand side f(x),  an arbitrary 
G-function, we practically cover almost all the cases that could appear in the real practice. We 
consider 
f(x) = ~¢,:. x (dj) 1 j 
min dj + min 7k > --1, where 7/¢s are the parameters of operator L. 
l<j<_l~ l<k<m 
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For simplicity, we assume/~ = m. Using a formula for integrals of products of two G-functions 
(see, e.g., (2.24.1), [8, Appendix; 11, Volume 1; 16], (A.28)), one can evaluate the integrals 
Gk(x),k = 0,1, . . .  in (28), as f01 = fo ,  namely, 
/o' [q ] [ [ ]5  Gk(x) m,0 (7i + k)r~ ~.,~ xal/~ (cl)¢l da . . . .  = Gm, m a (Ti)~n "-'¢,r (dj) I 
. . . .  ZX(m, , 
A(m, dj)?; ( -7 , -k )~n;  A(m, dj)~+l 
(33) 
where the constant A stands for 
A = (2r) (1-m)[~+u-(¢+r)/2] m ~dj-~cl+l+(¢-r)/2, 
and the symbols A(m, c), A(m, c,)~ denote A(m, c) = ((c/m), (c + 1/m),.. . ,  (c + m - l /m)) ,  
= ok), a(m,  
Each of the G-functions (33) belongs to Ca and the solution y(x) takes the form of a series, 
convergent for all x _> 0. More details on the series of G-functions can be found in [11, Volume 1] 
and some numerical computational methods are discussed by Luke [11, Volume 2] and Mathai 
and Saxena [13]. 
Next we confine ourselves to some special cases of hyper-Bessel integral operators. 
EXAMPLE 3. We consider the hyper-Bessel integral operator Lv, corresponding to the classical 
second-order differential operator of Bessel B~ (13), i.e., the integral equation of second kind 
y(x) +L~y(x) = f(x), with A = -1,  (34) 
where 
(x~ 2 f la -V /2 (1 -a )2F l (1 -v ,  1; 2; 1-a)y (xv~ da. L"U(Z) = \2 /  Jo 
It is worth pointing out that the corresponding Poisson-Dimovski transformation (24), trans- 
muting D 2, R 2 into By, L~ is the well-known Poisson transformation (another form of the 
Poisson integral for Jr(x) with f(x) = cosx): 
Pvf(x)= 2 F v+ (1 -a  2) da, v>-7 .  
Theorem i provides olutions to (34) in terms of some known Bessel-type functions, for example, 
see the following. 
(i) f(x) = x "+1, #+1 > v ==~ f 6 C~ C C~-2 = Ca. Series (27), in particular solution (32) 
with p = # + 1 turns into 
y(x)__x~,+llF2(1;#+v+3 #-v+3.  _xA) 
2 ' 2 ' 4 (35) 
---- (# + v + I) (#-  v + 1) s.,v(x), 
where su,v(x ) denotes the Lommel function (see [23, Volume 2]). 
(ii) f(x) = x ~+1 6 C~, that is # = v. Then solution (35) reduces to 
y(x) = xV+llF2 (1; v+2,2 ;  ~)  = (2v + l)sv,v(x) 
= v~r  (v + l ) 2v-'(2v + l)Hv(x), 
the so-called Struve function (see [23, Volume 2]). 
(36) 
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EXAMPLE 4. We take the same Bessel integral operator L = Lv and A = -1, like in Example 3 
but a different right-hand side fix), i.e., 
y(x) + Luy(x) = exp(-x)x u+l, # + 1 > u. (37) 
Since exp(_x)xu+l = Go,l[x I I ,o u+l- ], the evaluation of integrals (28) is reduced again to the men- 
tioned formula for integrals of products of two G-functions, and after some simplifications we 
obtain the solution of (37), according to (27) 
y(x) = exp(-x)x u+l 
+ ~ A..,~-'J "-'2,4 
~/71" k=l  
as a series of G-functions. 
k-2'k+Uk+l+ # ] (38) 
k+(#+l )  -u  u ' 
2 ' 2 '2 '2  
In particular, let us assume/~ = v = 1/2, that is, we consider the equation 
y(x) + L1/2y(x) =exp(-x)x 3/2, related to J1/2(x) = ( V~x ) Sinx. (39) 
In this case, according to "multiplication formula" (10), [23, Chapter 5.3, from Volume 1], the 
G22:2-functions in (38) reduce to el:~-functions, which on the other hand (see (1), [23, Chapter 5.6, 
Volume 1]) are expressible in terms of the confluent hypergeometric functions 1FI (2; k + 2; -x) .  
Thus, (38) turns into 
x3/4~1 (-X)l;,1Fl(2; k+2; -x ) .  y(x) = exp(-x)x 3/2 + ~-~ = (k + . 
However, such a series of 1Fl-functions is easily computable as an integral of a 1Fl-function, 
according to formulas (3),(8) [23, Chapter 6.15, Volume 1], and gives 
X3/4 
y(x) = exp(-x)x 3/2 - exp( -x )~ 
X3/4 
= exp(-x)x 3/2 - exp( -x ) :  ~ 
Z~TZ 
x-l~4 fO x 2¢/~ exp(-t) lF l(2;  1; t -x )d t  
/0 x-W4 exp(-x)  (1 + t - x) dt, 
since 1F1(2; 1; t - x) in the integral is expressible as a derivative of 1F1(1; 1; t - x) = exp(t - x) 
(equation (11), [23, Chapter 6.4, Volume 1]). Finally, solution (38) in the case (39) takes the 
form 
X3/4 
y(x) = exp(-x) [xa/2 - -~(4  - x)] . (40) 
It is easily seen that the solutions (35), (36), (38), (40) of the Bessel integral equations of 
second kind belong to the subspace 
Cu (°°) C C (2) C Cv-2 of the spaces mCm) re(m) = C(2), 
"-'a+/3 ---- "~-13~t,~ 
as suggested by Theorem 1. 
C~ --  Cu-2 ,  
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5. SOLUTIONS TO NONHOMOGENEOUS 
HYPER-BESSEL DIFFERENTIAL EQUATIONS 
The results of Theorem 1 allow us to easily find the solutions of all the hyper-Bessel differential 
equations of the form By(x) - Ay(x) = f(x). 
Namely, let us consider an integral equation of second kind (25) 
y(x) - ALy(x) = F(x), with F(x) := Lf(x) • .~+~ C Ca, for f(x) • Ca. (41) 
Applying the hyper-Bessel differential operator B (10) to both sides of (41) and using BLy(x) = 
y(x), y • Ca, we get 
By(x) - Ay(x) = f(x), a hyper-Bessel differential equation. 
Then, its solution y(x) is the solution of (41) with a right-hand side F(x) = Lf(x). According 
to (31), 
oo oo oo 
y(x) = F(x) + E AkLkF(x) = Lf(x) + E )~kLk+lf(x) ---- E AkLk+lf(x)' 
k=l  k=l  k=0 
and for L k+ 1, we use again the integral representation f the powers of the hyper-Bessel operator L
as in the proof of Theorem 1, but with k ~-* k + 1. 
Thus, the following theorem follows. 
THEOREM 2. Suppose the parameters of the hyper-Bessel operator (10) are arranged in a de- 
creasing (increasing) order, for example as in (23). Then the initial value problem 
By(x)  - Ay(x)  = f (x ) ,  f • ca ,  
(42) 
y(0)  ---- y ' (0 )  . . . . .  y (m-1) (0 )  ---- 0,  
fTCm) given by the series has its unique solution y • va+~, 
• 
Yo(x) = /3 m \ -~]  Gk+l(X) ,  convergent for 0 < x < co, (43) 
k=0 
with Gk+l(X), k = 0 ,1 ,2 , . . . ,  as in (28). 
Let us mention that the solutions of the nonhomogeneous hyper-Bessel differential equations 
satisfying arbitrary initial conditions follow as the sums y(x) = Yo(x) + Y(x), Y(x) = ciYi(X) + 
• "" + amym(X), where 
y~(x)  = ,~0,~ - 71_~_~ ..... -~_~, -~+~ ..... --,m (44) 
( j, =bk\ - -~]  0Fro-1 (1 + 'y j -  ~/k)jCk; k=l , . . . ,m,  
form a fundamental system of solutions in a neighbourhood of x = 0 of the homogeneous hyper- 
Bessel differential equation By(x) = Ay(x), see [9] and Theorem 3.4.3 in [8, Chapter 3]. It is 
shown there (Corollary 3.4.4), that up to constant multipliers, functions (44) can be represented 
in terms of the so-called hyper-Bessel functions of [26], generalizing the Bessel function J~(x) 
with respect o the number of indices. Namely, for 71 > ~/2 > • "" > ~/m > ~/1 + 1, the hyper-Bessel 
functions 
J1  m- l )  [(--)k)l/m~X ~/rn] k= 1, (45) ,m,  
"{-'Y1 - -~k , ' . ' , * , " ' , l ' { -~/m- - 'Yk  '. " " " 
form a fundamental system of solutions of the hyper-Bessel differential equation By(x) = Ay(x) 
in a neighbourhood of x = 0. 
This solves completely any Cauchy problem for hyper-Bessel differential equations of the form 
By(x)  - ~y(x)  = f (x ) .  
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